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ABSTRACT
During the structure formation, charged and neutral chemical species may have sep-
arated from each other at the gravitational contraction in primordial magnetic field
(PMF). A gradient in the PMF in a direction perpendicular to the field direction
leads to the Lorentz force on the charged species. Resultantly, an ambipolar diffusion
occurs, and charged species can move differently from neutral species, which collapses
gravitationally during the structure formation. We assume a gravitational contraction
of neutral matter in a spherically symmetric structure, and calculate fluid motions of
charged and neutral species. It is shown that the charged fluid, i.e., proton, electron
and 7Li+, can significantly decouple from the neutral fluid depending on the field
amplitude. The charged species can, therefore, escape from the gravitational collapse.
We take the structure mass, the epoch of the gravitational collapse, and the comov-
ing Lorenz force as parameters. We then identify a parameter region for an effective
chemical separation. This type of chemical separation can reduce the abundance ratio
of Li/H in early structures because of inefficient contraction of 7Li+ ion. Therefore,
it may explain Li abundances of Galactic metal-poor stars which are smaller than
the prediction in standard big bang nucleosynthesis model. Amplitudes of the PMFs
are controlled by a magneto-hydrodynamic turbulence. The upper limit on the field
amplitude derived from the turbulence effect is close to the value required for the
chemical separation.
Key words: atomic processes – hydrodynamics – magnetic fields – plasmas – Galaxy:
abundances – early Universe.
1 INTRODUCTION
In the standard cosmology, abundances of light elements, i.e., hydrogen, helium, lithium, and very small amounts of other
nuclides, evolve during big bang nucleosynthesis (BBN) at the redshift of z ∼ 109 (Fields 2011). Lithium abundance predicted
in standard BBN (SBBN) model (Coc et al. 2012; Coc, Uzan, & Vangioni 2013), however, disagrees with that determined by
spectroscopic observations of metal-poor stars (MPSs) (Mele´ndez & Ramı´rez 2004; Asplund et al. 2006). The observational
number ratio of lithium and hydrogen is 7Li/H= (1− 2)× 10−10 (Spite & Spite 1982; Ryan et al. 2000; Mele´ndez & Ramı´rez
2004; Asplund et al. 2006; Bonifacio et al. 2007; Shi et al. 2007; Aoki et al. 2009; Gonza´lez Herna´ndez et al. 2009; Sbordone et al.
2010; Monaco et al. 2010, 2012; Mucciarelli, Salaris, & Bonifacio 2012). It is 2–4 times lower than the prediction in SBBN
model with the baryon-to-photon ratio from the observation of the cosmic microwave background radiation by Wilkinson
Microwave Anisotropy Probe (WMAP) (Spergel et al. 2003, 2007; Larson et al. 2011; Hinshaw et al. 2013).
The formations of atom and molecules proceed in the redshift range of z . 104 (Saslaw & Zipoy 1967; Peebles & Dicke
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1968; Lepp & Shull 1984; Dalgarno & Lepp 1987; Galli & Palla 1998; Vonlanthen et al. 2009). Since lithium has a low ioniza-
tion potential, it remains ionized when the recombination of hydrogen occurs (Dalgarno & Lepp 1987). The relic abundance
of Li+ is, therefore, high (Galli & Palla 1998). A recent study (Vonlanthen et al. 2009) shows that abundances of Li and Li+
are almost equal at z = 10.
Magnetic fields exist in various astronomical objects, such as Sun, Galaxy, galactic cluster (see (Grasso & Rubinstein
2001) for a review). Magnetic field have possibly existed in the early universe. The origin of the magnetic fields is, however,
not determined yet. Magnetic fields can be generated through electric currents induced by a velocity difference of electrons
and ions (Biermann 1950; Browne 1968). Such an electric current is produced in a rotating gas system because of different
viscous resistances of electrons and ions (Browne 1968). This current creates poloidal magnetic field. Similarly, the drift
current can be produced from gravitation working on electrons and ions, and it can generate a magnetic field (Browne 1968,
1982, 1985). It has been noted (Harrison 1969), however, that these batteries (Biermann 1950; Browne 1968) can not generate
a large magnetic field since the time-scale of field generation is much larger than the age of the universe (Spitzer 1948;
Hoyle & Ireland 1960; Harrison 1969).
The primordial magnetic field (PMF) can be generated at a couple of epochs in the early universe, i.e., the inflation,
electroweak and quark-hadron transitions, and reionization (see Grasso & Rubinstein 2001; Widrow 2002; Widrow et al. 2012,
and references therein). The PMF generation, however, most probably occurs around the cosmological recombination epoch
(Harrison 1970; Matarrese et al. 2005; Takahashi et al. 2005; Ichiki et al. 2006, 2007; Takahashi, Ichiki, & Sugiyama 2008;
Fenu, Pitrou, & Maartens 2011; Maeda, Takahashi, & Ichiki 2011). In the evolution of primordial density perturbation, the
magnetic field can be perturbatively generated at second order through the vorticity (Matarrese et al. 2005) and the anisotropic
stress of photon (Takahashi et al. 2005; Ichiki et al. 2006). These generation processes can be calculated rather precisely with
use of the cosmological perturbation theory. Recent calculation (Fenu et al. 2011) shows that the comoving amplitude of
generated field on cluster scales, i.e., 1 Mpc, is about 3× 10−29 G at redshift z = 0.
Effects of PMFs on Galaxy formation have been studied (Rees & Reinhardt 1972; Wasserman 1978; Coles 1992). Effects
on Galactic angular momentum and Galactic magnetic fields have been also investigated utilizing magneto-hydrodynamic
(MHD) equations (Wasserman 1978; Coles 1992). It was found that a magnetic field can trigger a large density fluctuation
with an overdensity of δ = 1. Such a large fluctuation is produced in a structure with a scale LB if the comoving field
amplitude measured in the present intergalactic medium (IGM) is as large as B0(LB) ∼ 10
−9(LB/1 Mpc) G (Wasserman
1978; Coles 1992). It has been suggested that an inhomogeneous magnetic field causes a streaming velocity of baryon relative
to dark matter, and resultantly an infall of baryon in potential wells of dark matter may be inhibited. Cosmological structure
formation is thus affected by the inhomogeneous field (Coles 1992).
In this paper, we study a chemical separation of charged and neutral species triggered by a PMF during the structure
formation. Neutral chemical species collapse gravitationally during the structure formation. Motions of charged species can,
however, decouple from that of neutral species by PMF, and an ambipolar diffusion occurs. If the PMF has a gradient in a
direction perpendicular to the field direction in the early universe, an electric current of charged species necessarily exists in
the direction perpendicular to both of the field lines and the gradient direction. The Lorentz force working on the charged
species then causes a velocity difference between charged and neutral species in the direction of the field gradient. This velocity
difference enables an ambipolar diffusion. Therefore, it is possible that 7Li+ ions did not collapsed, while neutral 7Li atoms
gravitationally collapsed into structures. We suggest that the ambipolar diffusion provides a possible explanation of the small
Li abundance in MPSs.
The situation of the 7Li+ depletion due to PMFs and structure collapse studied in this paper is analogous to that of
the charged grain depletion in the star-forming magnetic molecular clouds (MCs). The chemical separation by an ambipolar
diffusion has been studied for the case of the gravitational collapse in dusty interstellar MCs (e.g. Ciolek & Mouschovias 1994,
1996). In the MCs, the abundance of charged dust grains which is a component of their plasma is reduced since the magnetic
field retards the infall of the grains while the neutral particles collapse to form a protostellar core (Ciolek & Mouschovias
1994). The depletion of the grain abundance by the magnetic field is a very important phenomenon since information on the
star formation mechanism can in principle be obtained from the ratio of observed abundances of grains in the core and the
envelope of MC (Ciolek & Mouschovias 1996).
The organization of this paper is as follows. In Sec. 2 we describe the model of chemical separation during a gravitational
collapse of a structure. In Sec. 3 we introduce physical quantities used in this study, and typical numerical values relevant to
the structure formation. In Sec. 4 we show results of calculations of the chemical separation caused by the magnetic field. In
Sec. 5 we comment on the magnetic field amplitude. In Sec. 6 we comment on a possible generation of a magnetic field gradient
during the gravitational collapse. In Sec. 7 we identify a parameter region required for a successful chemical separation. In
Sec. 8 we briefly mention a later epoch of the structure formation and possible reactions neglected in this study. We suggest
that the chemical separation of the 7Li+ ion can reduce the abundance ratio 7Li/H in the early structure. Another theoretical
constraint on the magnetic field amplitude is also described. In Sec. 9 we summarize this study. In Appendix A we show drift
velocities of protons and electrons in a structure, equations for ions and electrons which should be satisfied in equilibrium
states, and typical values of variables required for an efficient chemical separation. In Appendix B we show supplemental
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Figure 1. Illustration of chemical separation in a collapsing structure. In the left panel, the large solid circle delineates a collapsing
structure, thin arrows are magnetic field lines, and open arrows are gravitational accelerations. The structure is axisymmetric with
respect to the field direction, and can be seen as a large coil indicated with a dashed lines. The right panel shows an enlarged view
of the cross section. The three axes of the cylindrical coordinate are defined. We assume a magnetic field along the z-axis (the thin
arrow), and a gradient of the field amplitude in the −r direction (the filled thick arrow). There is a φ component of the ∇ ×B term
or an azimuthal electric current (mark ⊗). Charged fluid with this current in the magnetic field receives the Lorentz force (F L) in the
r direction. Resultantly, the charged fluid has a radial velocity relative to the neutral fluid. The Lorentz force is then balanced with a
friction force by neutral fluid (F fric).
results for the calculations of the chemical separation. In this paper, the Boltzmann’s constant (kB) and the light speed (c)
are normalized to be unity.
2 MODEL
We focus on the leaving of ionic species behind forming structures at redshift z = O(10). First, let us define the initial state
of the model structure. The structure has a uniform density and parallel magnetic field. The field amplitude has a gradient
in a direction perpendicular to the field lines. This simple condition is assumed as one example case that ionized chemical
species can have bulk velocities different from that of neutral hydrogen. It is considered that the relevant magnetic field has
been generated by motions of charged species which exist outside the structure originally. In order to precisely follow the
evolution of the spatial field distribution in the structure, the evolution of electric circuit including both inside and outside of
the structure should be considered (Alfven 1981, Chaps. III and V). In this calculation, however, we do not treat the outer
region, and use a boundary condition. Second, the structure is axisymmetric in a cylindrical coordinate system (r, φ, z) with
an axis of symmetry taken to be z-axis. Azimuthal components of all physical quantities, therefore, do not depend on the
azimuthal angle φ. The outer boundary of the structure exists at r = rstr.
Figure 1 is an illustration of the physical concept of chemical separation. In the left panel, the large solid circle is a
boundary of collapsing structure, thin arrows are magnetic field lines, and open arrows are gravitational accelerations. Since
the axial symmetry is assumed, this structure itself can be roughly regarded as a large coil as indicated with a dashed lines.
The right panel shows an enlarged cross-sectional view of the structure. The three axes of the cylindrical coordinate are
defined in the panel. A magnetic field exits along the z-axis (the thin arrow), and the field amplitude has a gradient in the
−r direction (the filled thick arrow). Then, there is a φ component of the ∇×B term or an azimuthal electric current (mark
⊗). The combination of this current and the magnetic field generates the Lorentz force (F L) on the charged fluid in the r
direction. As a result, the charged fluid has a radial velocity relative to the neutral fluid. The Lorentz force is then balanced
with a friction force by neutral fluid which depends on the radial relative velocity (F fric).
2.1 Fluid and electromagnetic equations
The following equations are adopted.
(i) equation of continuity for neutral matter:
∂ρn
∂t
+∇ · (ρnvn) = 0, (1)
where ρn and vn are the density and the fluid velocity of the neutral matter, respectively, and t is the cosmic time. The
neutral matter is mainly composed of neutral hydrogens.
(ii) equation of continuity for ionized species i:
c© 20XX RAS, MNRAS 000, 1–30
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∂ρi
∂t
+∇ · (ρivi) = 0, (2)
where ρi and vi are the density and the velocity of charged species i. The finite differential expression in the cylindrical
coordinate system is
∆ρi
∆t
= −
1
r
∆(rρivir)
∆r
−
∆(ρiviz)
∆z
. (3)
(iii) force equations of proton and electron:
Equations of motion are given by
Dvp
Dt
= −
1
ρp
∇Pp +
e
mp
(E + vp ×B) +
1
τpn
(vn − vp) +
1
τpe
(ve − vp) , (4)
Dve
Dt
= −
1
ρe
∇Pe −
e
me
(E + ve ×B) +
1
τen
(vn − ve)−
1
τep
(ve − vp) , (5)
where D/(Dt) is the material time-derivative, vj , Pj , and mj are the velocity, pressure, and particle mass of species j,
respectively, e is the electronic charge, E is the electric field, B = (Br, Bφ, Bz) is the magnetic field in a cylindrical
coordinate, and τ−1ab is the energy loss rate of a through the scattering with b, or the slowing-down rate of relative velocity
of a and b [cf. Eq. (55)]. In the force equations for charged species, a term of cosmological redshift is neglected since the
time-scale relevant to the redshift is much larger than those for others. We neglect terms of pressure gradient in this paper.
In the steady state, the force equations reduce to the form of
E = −vp ×B −
ρp
τpn
(vn − vp)
enp
−
ρp
τpe
(ve − vp)
enp
, (6)
E = −ve ×B +
ρe
τen
(vn − ve)
ene
−
ρe
τep
(ve − vp)
ene
. (7)
We neglected an effect of ∇B drift since it would be small. The force of ∇B is given by
F∇B =
∣∣∣∣−mjv2j⊥∇B2B
∣∣∣∣
= 1.55 × 10−47 GeV2
(
mj
GeV
)(
vj⊥
6.59× 104 cm s−1
)2(∇B/B
kpc−1
)
, (8)
where vj⊥ is the velocity of j perpendicular to the B direction. On the other hand, the friction force from neutral species on
charged species is given by
Ffric =
∣∣∣∣mj (vn − vj)τjn
∣∣∣∣
= 2.01× 10−41 GeV2
(
mj
GeV
)
mH
mH +mj
(
vnr − vjr
1.61 km s−1
)(
nH
5.69 × 10−3 cm−3
)[ (σv)jn
10−9 cm3 s−1
]
, (9)
where (σv)ab is the product of the momentum transfer cross section σ and the velocity v at the reaction of a+b [cf. Eq. (53)].
Since the equation Ffric ≫ F∇B holds, the effect of the field gradient is much smaller than that of the friction.
(iv) Faraday’s law of induction:
∂B
∂t
= −∇×E. (10)
The following equation is derived with Eqs. (6) and (10)
∂B
∂t
= ∇× (vp ×B)−
mp
e
∇×
[
(vp − vn)
τpn
+
(vp − ve)
τpe
]
. (11)
Note that the azimuthal component of magnetic field is always much smaller than Bz in the setup of this study.
(v) electric current density:
j = enpvp − eneve. (12)
The Lorentz force term is balanced with the friction term from neutral matter [cf. Eqs. (6), (7) and (12)]:
j ×B =
ρp
τpn
(vp − vn) +
ρe
τen
(ve − vn) , (13)
In the steady state, the force balance in the radial direction leads to
jφBz = enp (αpn + αen) (vpr − vnr), (14)
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where we used αab = ma/(eτab) and additionally assumed the conditions, np = ne and jr = jz = 0. The latter condition is
derived from the fact that the radial and longitudinal fluid velocities of ions and electrons are essentially the same, vpr = ver
and vpz = vez because of the charge neutrality of the system.
(vi) Ampere’s law:
∇×B = 4pij (15)
(vii) Gauss’s law for magnetism:
∇ ·B = 0. (16)
The divergence of the Maxwell-Faraday equation [Eq. (10)] is given by
∂(∇ ·B)
∂t
= −∇ · (∇×E) = 0. (17)
When the Gauss’s law is satisfied at the initial time, it remains satisfied because of this equation.
(viii) force equation of neutral matter:
When the pressure gradient term is neglected, the force equation for neutral particles is given (Ciolek & Mouschovias 1993)
by
∂ (ρnvn)
∂t
+∇ · (ρnvnvn) = ρng +
ρn
τnp
(vp − vn) +
ρn
τne
(ve − vn) , (18)
where g is the gravitational acceleration. The second and third terms in the right-hand side (RHS) represent frictions from
protons and electrons, respectively, working on the neutral particles. Using the balance between the Lorentz force and friction
force [Eq. (13)], the Ampere’s equation [Eq. (15)], and the Newton’s law of action and reaction [Eq. (60)], we can transform
the friction terms to the Lorentz-force term (Ciolek & Mouschovias 1993) as
∂ (ρnvn)
∂t
+∇ · (ρnvnvn) = ρng +
(∇×B)×B
4pi
. (19)
When the azimuthal component of magnetic field is negligibly small, i.e., Bφ ≃ 0, the second term in RHS is described as
(∇×B)×B =
(
∂Br
∂z
−
∂Bz
∂r
) Bz0
−Br

 . (20)
Under the spherical symmetry, the gravitational acceleration is given by
|g(rsph)| = g(rstr) = G
M(rstr)
r2str
= G
(
4pi
3
)2/3
ρ2/3m M
1/3
str
= 3.93 × 10−11 cm s−2
(
ρm
7.64 × 10−26 g cm−3
)2/3 (
Mstr
106 M⊙
)1/3
, (21)
where rsph is the position vector from the centre in a spherical coordinate, rstr is the radius at the boundary of the structure,
G is the gravitational constant, M(rsph) is the mass contained inside the radius rsph, ρm is the matter density, and Mstr is
the mass of the structure. In the equation the energy density is normalized to the value at the turnround (ztur = 16.5; see
Sec. 3).
On the other hand, the amplitude of the first term in RHS of Eq. (19) for gravitation is estimated as
ρng ≃ ρbg
= 4.72 × 10−89 GeV5
(
ρb
1.27 × 10−26 g cm−3
) (
ρm
7.64 × 10−26 g cm−3
)2/3 (
Mstr
106 M⊙
)1/3
, (22)
where ρb is the baryon density.
The amplitude of the second term in RHS of Eq. (19) for the Lorentz force is estimated to be∣∣∣∣ (∇×B)×B4pi
∣∣∣∣ ∼ 14pi B
2
LB
= 4.09 × 10−89 GeV5
(
B
10−7 G
)2 ( LB
597 pc
)−1
, (23)
where LB is the length scale of coherent magnetic field.
The ratio of the gravitational and Lorentz terms, Eqs. (22) and (23), respectively, is related to the mass-to-magnetic flux ra-
tio for the gravitational collapse of a structure with a frozen-in magnetic field (Mouschovias & Spitzer 1976; Ciolek & Mouschovias
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1993). The critical mass-to-magnetic flux ratio has been determined from a numerical calculation (Mouschovias & Spitzer
1976) as(
Mb
ΦB
)
crit
=
0.126
G1/2
, (24)
where Mb is the total baryonic mass of the structure, and ΦB = piBr
2
str is the total magnetic flux through the structure.
This ratio is invariant in comoving coordinates if the ambipolar diffusion is negligible. Above the critical ratio a gravitational
collapse can occur while below the ratio the collapse cannot. The ratio of the gravitational and Lorentz terms can be rewritten
in the form
ρbg
|(∇×B)×B/ (4pi)|
= 3pi2G
(
M
Mb
)(
Mb
ΦB
)2
, (25)
where we supposed LB ∼ rstr. The factor M/Mb takes into account that not only the baryon but also the dark matter
contributes to the gravitation of the system. This factor is absent in the case of collapsing MC since effects of the dark matter
mass is negligible. The combination of the critical mass-to-magnetic flux ratio [Eq. (24)] and the ratioM/Mb = 6.03 leads to the
value of ρbg/|(∇×B)×B/(4pi)| = 2.83. Therefore, roughly speaking, a gravitational collapse occurs ifMb/ΦB > (Mb/ΦB)crit
while a collapse does not occur if Mb/ΦB < (Mb/ΦB)crit.
2.2 Galactic infall model
We assume that the second term in RHS of Eq. (19) is negligible, and that the initial density is exactly uniform inside a
sphere. This setup defines a toy model of collapsing structure. Then, Eqs. (1) and (19) are spherically symmetric, and Eq. (19)
describes a free fall of spherical material. A gas heating associated with virialization is neglected, and the gas temperature
is assumed to evolve adiabatically after it decoupled from the temperature of the cosmic background radiation (CBR) at
z ∼ 200 (Peebles 1993). It is then given by T = 2.3 K[(1 + z)(1 + δ)1/3/10]2 , where
δ ≡ (ρm − ρ¯m)/ρ¯m (26)
is the ratio of overdensity of matter relative to the cosmological average density ρ¯m (Loeb & Zaldarriaga 2004). We assume
that the baryon density is proportional to the matter density. This approximation is good as long as any radiative astrophysical
objects such as first stars do not form yet.
The free fall of the sphere controlled by a self gravity is described by the Lagrangian equation of motion, i.e., ∂2rsph/∂t
2 =
−GM(rsph)/r
2
sph (Hunter 1962; Peacock 1999). The radius and velocity are then related to the time t as described (Peacock
1999) by
rsph = AG(1− cos θG), (27)
t = BG(θG − sin θG), (28)
vn =
∂rsph
∂t
=
AG
BG
sin θG
1− cos θG
, (29)
where the condition A3G = GMB
2
G is satisfied. The parameters with the subscript G are used for the gravitational collapse
and distinguished from parameters without the subscript. The velocity evolution, vn(t) = |vn(t)|, is given by this equation
set. The assumption of the initial uniform density corresponds to a constant BG value for any AG. Then, the velocity depends
on the radius parameter AG only. In this case, a homologous evolution occurs, and the density is alway independent of the
spatial coordinate. Every mass shell satisfies
ρn(t) = ρn,i[rsph,i/rsph(t)]
3, (30)
where ρn(t) and ρn,i are the densities at time t and initial time ti, respectively, and rsph,i is the radius at initial time. In the
present assumption, the ratio rsph,i/rsph(t) is position-independent. For a given time t, θG and corresponding rsph and vn are
derived.
2.3 Velocities of charged species
For the system composed mainly of protons, electrons, and neutral matter, the total plasma force equation holds (Ciolek & Mouschovias
1993):
ρn
τnp
(vp − vn) +
ρn
τne
(ve − vn) =
(∇×B)×B
4pi
. (31)
Thus, a velocity difference of charged and neutral species is related to the Lorentz force operating on whole charged species
that is mostly composed of protons and electrons. In general, matters in astrophysical objects are nearly complete charge-
neutral. We, therefore, assume that fluid velocities of protons and electrons are equal as for r- and z-components. Charged
c© 20XX RAS, MNRAS 000, 1–30
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Table 1. Mass of chemical species.
species mass (GeV)
H 0.93878
H+ 0.93827
Li 6.53536
Li+ 6.53485
species are then considered as one component as long as motions in r- and z-directions are concerned. Since the proton density
is larger than the electron density by a factor of mp/me = 1836, the friction on proton is the predominant in the total fluid.
The following relation is derived from a balance of the friction and the Lorentz force:
vp,(rz) = vn,(rz) +
τnp
(1 + τnp/τne) ρn
[(∇×B)×B],(rz)
4pi
, (32)
where vector components in the r-z plane are represented by subscript (rz). The factor (1 + τnp/τne) in the denominator is
neglected because of τnp/τne ≪ 1.
The φ-component of Eq. (31), on the other hand, does not give an equation with vpφ when the balance relation between
vpφ and veφ [Eq. (A7)] is satisfied. In this case, terms of vpφ and veφ cancel with each other [cf. Eqs. (55) and (60)]. The
equation then reduces to
ρn
(
1
τnp
+
1
τne
)
vnφ +
[(∇×B)×B]φ
4pi
= 0. (33)
The proton velocity vp is derived from the rotation of magnetic field, ∇×B, using the Ampere’s equation [Eq. (15)], as
in studies of MCs (Ciolek & Mouschovias 1993, 1994; Basu & Mouschovias 1994; Mouschovias, Ciolek, & Morton 2011). The
rotation of the magnetic field is related to the electric current density. Both physical quantities have existed from the start
time of calculation (see Sec. 5). Using Eqs. (12) for the current density, and (A7) for the velocities of protons and electrons,
the φ-component of the Ampere’s equation gives the azimuthal proton velocity as
vpφ =
∂zBr − ∂rBz
4pienp(1 + αpn/αen)
. (34)
The assumption of vpr = ver and vpz = vez correspond to no current density in the r- and z-directions. Then, the Ampere’s
equation does not give constraints on velocities of charged species in the r-z plane.
2.4 Atomic mass and cross section data
Table 1 shows adopted masses of atoms and ions (H, H+, Li, and Li+) which are derived with atomic and electronic
mass data (Audi, Wapstra, & Thibault 2003; Wapstra, Audi, & Thibault 2003), and ionization energies of j or binding ener-
gies of j+ and e−, BE(j+,e) (Martin et al. 2011): BE(H+,e)=13.5984 eV (Johnson & Soff 1985) and BE(Li+,e)=5.3917 eV
(Lorenzen & Niemax 1982).
Reaction cross sections σin are taken from Glassgold, Krstic´, & Schultz (2005); Schultz et al. (2008) for i =H
+ and
Krstic´ & Schultz (2009) for 7Li+. Linear interpolations are utilized with velocities taken as parameters. Cross sections for
energies lower than the minimum energy of data (Emin) are given by the value at the energy E = Emin, while those for
energies larger than the maximum energy (Emax) are given by the value at E = Emax.
2.5 Initial conditions
We take a typical comoving magnetic field value Bz0 as an input parameter. The initial magnetic field is then assumed to be
Bzzi(r) = Bz0(1 + zi)
2(1.5 − r/rstr) for 0 6 r 6 1.4rstr and Bzzi(r) = 0.1Bz0(1 + zi)
2 for 1.4rstr 6 r, where Bzzi(r) is the
z-component of magnetic field in IGM at the initial redshift zi at radius r. We note that in this calculation the ambipolar
diffusion is caused by the magnetic pressure gradient [Eq. (32)]. The pressure gradient does not depend on the amplitude of
the magnetic field alone. However, we fix the pattern of the gradient distribution, and take the comoving field value Bz0 as
the only free parameter.
As for initial velocities of protons and Li+, the radial and z-components are assumed to be the same as those of hydrogens.
The φ-component of proton velocity is given by Eq. (34) with the initial B(r) distribution.
Initial chemical abundances are taken from values at z = 10 calculated in the model of homogeneous universe (Vonlanthen et al.
2009): H+/H= 6.52 × 10−5, and Li+/Li= 1.0. We assume the Li nuclear abundance in SBBN model, Li/H= 5.2 × 10−10
(Kawasaki & Kusakabe 2012). The chemical number fractions relative to hydrogen are then given by H+/H= 6.52 × 10−5,
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Li/H= 2.6× 10−10 , and Li+/H= 2.6× 10−10. A precise calculation of ionic motions should include chemical reactions coupled
to the hydrodynamical calculation of the structure formation. This is, however, beyond the scope of this paper.
2.6 Boundary conditions
Boundary conditions are important to describe plasma motions since a plasma inside some region is affected by not only
physical parameters inside the region but also those outside the region (Alfven 1981, Chaps. III and V). We adopt the
following conditions. Radial velocity components of any species j are zero on the symmetrical axis:
vjr(r = 0) = 0. (35)
The density and the recession velocity of neutral hydrogens, and number fractions of chemical species are initially given
by the cosmic average values. Outside the structure, the magnetic field is supposed to exist homogeneously in the z-direction.
In addition, the field amplitude evolves by redshift in the homogeneous universe. We, however, just assume that physical
variables such as ion velocities connect smoothly at the structure boundary, and do not treat the conjunction. Calculations
are performed for a contraction of material with a homogeneous overdensity of infinite size.
As for a treatment for edges of computation domain, an origin and outer edge points are defined. Because of the symmetry,
constraints on velocities, vj = 0 (for any j), always holds at the origin. In every time step, values of ρi (for ionic species i)
and B at r = 0 (on z-axis) and on the plane of z = 0 are reset to be values calculated for the next innermost grid points, e.g.
B(0, z, φ) = B(∆r, z, φ) and B(r, 0, φ) = B(r,∆z, φ), respectively. Values of ρi and B at the outer edge points are always
given by the average value of collapsing matter. Because of the axial symmetry, the radial and azimuthal components of the
magnetic field are zero on z axis. At outer edge points of maximum r and z values, the densities of protons, electrons, and 7Li+
are fixed to values derived for the homogeneous contraction. In addition, at the edge points the magnetic field components
are fixed as Br = 0 , Bφ = 0, and Bzz(rstr) = 0.1Bz0(1 + z)
2(1 + δ)2/3.
2.7 Calculation
The time step is determined so that changes in magnetic field and densities of ionized species in each step are much smaller
than their amplitudes. In the time integration of variables A(a), the spatial differentiation is estimated with a finite difference
method using the central difference. The difference is derived from quantities evaluated at intermediate positions between
grid points with intervals of ∆a, i.e., ∂A(a)/∂a = [A(a + ∆a/2) − A(a − ∆a/2)]/∆a. The number of grid points is 260 (r
direction) ×102 (z direction), and the spacing is ∆r = ∆z = 5.97 pc. The computational region is, therefore, 0 6 r 6 1.55 kpc
and 0 6 z 6 0.603 kpc. The initial time is 9.29Myr, and the ending time is 474Myr, respectively, after big bang.
In our calculation code, time evolutions of physical variables are calculated as follows. For a time t, the velocity [Eq. (29)]
and the density [Eq. (30)] of neutral matter, the overdensity of matter [Eq. (26)] and the temperature [Eq. (47)] are derived.
For respective reactions, the code evaluates thermal mean velocities [Eq. (54)] and relative fluid velocities. Then, the friction
time-scales [Eqs. (53) and (56)] and the friction parameters [Eq. (55)] are derived using the law of action and reaction [Eq.
(60)]. Besides, the electric field [Eqs. (A4–A6)], the velocities of protons [Eqs. (32) and (34)], electrons [Eq. (A7)], and Li+
[Eq. (A15)] are calculated. Finally, the magnetic field [Eq. (11)] and the densities of charged species [Eq. (3)] are obtained by
time integrations of their change rates.
3 PHYSICAL QUANTITIES
(i) cosmological parameters
The ΛCDM (dark energy Λ and cold dark matter) model is adopted for the cosmic expansion history. Parameter values
are taken from analysis of WMAP9 CBR data (ΛCDM model (Hinshaw et al. 2013)) 1: The Hubble parameter is H0 =
70.0 ± 2.2 km s−1Mpc−1, and energy density parameters of matter and baryon are Ωm = 0.279 ± 0.025 and Ωb = 0.0463 ±
0.0024, respectively. The energy density parameter is defined by Ωk ≡ ρk/ρc, where ρk is the density of species k = m
and b and ρc ≡ 3H
2
0/(8piG) is the critical density. The present temperature of CBR is Tγ0 = 2.7255 K (Fixsen 2009). The
primordial abundances of hydrogen, helium, and lithium are taken from calculation of SBBN model (Kawasaki & Kusakabe
2012) with the mean value of baryon density parameter Ωb described above, and the neutron lifetime 878.5 ± 0.7stat ±
0.3sys s (Serebrov & Fomin 2010): mass fractions of hydrogen and helium are X = 0.753 and Y = 0.247, respectively, and the
number ratio of lithium to hydrogen is Li/H=5.2×10−10 .
1 WWW: http://lambda.gsfc.nasa.gov.
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(ii) redshift (z) versus time (t) relation
a(t) =
1
1 + z(t)
=
(
Ωm
1−Ωm
)1/3 [
sinh
(
3
√
1− Ωm
2
H0t
)]2/3
, (36)
t =
2H−10
3
√
1− Ωm
sinh−1
[(
1
1 + z
)3/2 (1− Ωm
Ωm
)1/2]
, (37)
where a(t) is the scale factor of the universe.
(iii) baryon density
ρb = ρcΩb(1 + z)
3(1 + δ)
= 1.27× 10−26 g cm−3
(
h
0.700
)2 ( Ωb
0.0463
)(
1 + z
17.5
)3 (1 + δ
5.55
)
, (38)
where h ≡ H0/(100 km s
−1 Mpc−1) is the reduced Hubble constant, and 1 + δ = ρm/ρ¯m is the density normalized to the
universal average value ρ¯m. It has been assumed that the baryon density is proportional to the matter density.
(iv) hydrogen number density
nH ∼= nbX =
ρb
mb
X
= 5.69× 10−3 cm−3
(
h
0.700
)2 ( Ωb
0.0463
)(
1 + z
17.5
)3 ( X
0.75
) (
1 + δ
5.55
)
, (39)
where nb is the total baryon density, and mb = 0.938 GeV is the baryon mass.
(v) matter density
ρm = ρcΩm(1 + z)
3 (1 + δ)
= 7.64 × 10−26 g cm−3
(
h
0.700
)2 ( Ωm
0.279
)(
1 + z
17.5
)3 (1 + δ
5.55
)
. (40)
(vi) spherical collapse model
The mass of the structure is Mstr = 10
6M⊙. The collapse of the structure finishes at the redshift zcol = 10, or the cosmic
time tcol = 0.483 Gyr. The turnround then occurs at ztur = 16.5, ttur = tcol/2 = 0.242 Gyr. The model structure is assumed
to be a uniform density sphere with the radius at turnround of
L = 597 pc
(
Mstr
106 M⊙
)1/3 (
h
0.700
)−2/3 ( Ωm
0.279
)−1/3 (1 + ztur
17.5
)−1
, (41)
which derives from Mstr = (4piL
3/3)ρ¯m(1 + δ) with density contrast 1 + δ = 9pi
2/16 at turnround. The comoving length scale
is L0 = (1 + ztur)L = 10.4 kpc.
The parameter AG specifies the distance from the structure centre. When the AG value is chosen as 2AG = L at the
structure boundary at turnround, the BG value is fixed to be
BG =
√
A3G
GMstr
=
√
1
6pi3Gρm
= 76.7 Myr
(
h
0.700
)−1 ( Ωm
0.279
)−1/2 (1 + ztur
17.5
)−3/2
. (42)
(vii) typical amplitude of magnetic field in the background universe
Bz(z) ∼ Bz0(1 + z)
2
= 3.06 × 10−8 G
(
Bz0
10−10 G
) (
1 + z
17.5
)2
, (43)
where Bz0 is the z-component of the field value measured at present age, i.e., redshift z = 0.
(viii) Larmor frequency of ion
Ωi =
ZieB
mi
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= 28.4Zi yr
−1
(
B
10−10 G
) (
mi
1 GeV
)−1
, (44)
where Zi is the charge number of ion i.
(ix) gyration radius of ion
Ri,g =
mivi⊥
ZieB
=
vi⊥
Ωi
= 1.08Z−1i × 10
−8 pc
(
vi⊥
3.00 × 104 cm s−1
) (
B
10−10 G
)−1 ( mi
1 GeV
)
, (45)
where vi⊥ is the velocity of i in the direction perpendicular to the magnetic field.
(x) cosmic recession velocity
v(rsph, z) = H(z)rsph
∼
[
H0Ω
1/2
m (1 + z)
3/2
]
rsph
= 1.61 km s−1
(
h
0.700
)(
Ωm
0.279
)1/2 (1 + z
17.5
)3/2( rsph
596 pc
)
, (46)
where rsph(z) is the radius in a spherical coordinate at redshift z, and the matter dominated universe was assumed for the
Hubble expansion rate at z & 10.
(xi) gas temperature
T (z) = 22 K
(
1 + z
17.5
)2 (1 + δ
5.55
)2/3
, (47)
where the amplitude is taken from the calculation in Loeb & Zaldarriaga (2004).
(xii) thermal average velocity of ion
vi,th =
√
8T
pimi
= 6.59× 104 cm s−1
(
T
22 K
)1/2 ( mi
1 GeV
)−1/2
. (48)
(xiii) momentum transfer cross section of p+H at the relative velocity vrel = 1.61 km s
−1
σpn = 1.4× 10
−14 cm2. (49)
(xiv) momentum transfer cross section of 7Li++H at vrel = 1.61 km s
−1
σ7n = 1.3 × 10
−14 cm2. (50)
(xv) elastic scattering cross section of e+H at vrel = 1.61 km s
−1
We approximately take the elastic scattering cross section (Moiseiwitsch 1962):
σen ≈ σen,el = 41pia
2
0
= 3.6× 10−15 cm2, (51)
where a0 = 5.29 × 10
−9 cm is the Bohr radius. This relative velocity vrel = 1.61 km s
−1 corresponds to the centre of mass
energy 7.37 µeV. The recession velocity is smaller than the electron thermal velocity, ve,th = 29.1 km s
−1 (T/22 K)1/2 [Eq.
(48)].
(xvi) Thomson scattering cross section
σeγ =
8pie4
3m2e
= 6.65× 10−25 cm2. (52)
Thomson scattering between electron and CBR is neglected since it does not occur so frequently, and its momentum transfer
is negligible. The momentum transfer rate of electrons, i.e., nγσeγ , multiplied by the fractional change in electron momentum
at one scattering ∼ O(Tγ/me), is much smaller than that of the e+H scattering.
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(xvii) momentum transfer rate of charged particles through the scattering with hydrogen
τ−1in =
mH
mH +mi
nH (σv)in
= 0.180 kyr−1
mH
mH +mi
(
nH
5.69 × 10−3 cm−3
)[ (σv)in
10−9 cm3 s−1
]
, (53)
where (σv)ab is the product of the cross section σ and the velocity v in the reaction of a+ b. In the equation, we have assumed
that the reaction of i with neutral matter is dominated by that of i+H, and neglected reactions with other neutral atoms.
The factor mH/(mH +mi) is equal to the ratio of ionic momenta in the center of mass and laboratory systems. The velocity
is given by the larger of the hydrodynamic velocity difference, |va − vb|, and the thermal mean velocity
vab,th =
√
8T
piµab
, (54)
where µab is the reduced mass of the a+ b system.
(xviii) friction parameter
A parameter representing the friction effect on a species a from a species b is defined as
αab =
ma
eτab
. (55)
(xix) energy loss rate via the Coulomb scattering
When the velocity of the incident electron measured in the rest frame of ion i, i.e., w, is much smaller than the root mean
square velocity of the target ion particle, the slowing-down time (the inverse of the energy loss rate) of electrons via the
scattering with ions is given (Spitzer 2006) by
τei =
3
4
√
2pi
meµeiT
3/2
e4m
3/2
i ni lnΛ
, (56)
where µei ∼ me is the reduced mass of the e + i system. The quantity ln Λ is related to the cutoff scale of the scattering
length, and is given by
lnΛ ≡ ln h/p0 = ln
[
3
2e3
(
T 3
pine
)1/2]
= 21.5 +
3
2
ln
(
T
22 K
)
−
1
2
ln
(
nH
5.69 × 10−3 cm−3
)
−
1
2
ln
(
χH+
6.52 × 10−5
)
, (57)
where h is the Debye shielding distance, p0 is the impact parameter at a scattering through which an electron is deflected by
the angle of pi/2, and χH+ = nH+/nH is the ionization degree of hydrogen.
The energy loss rate is then given by
τ−1ei = 2.21 × 10
−2 s−1
(
T
22 K
)−3/2 (mi
mp
)3/2 (
nH
5.69 × 10−3 cm−3
) (
χH+
6.52× 10−5
) (
ln Λ
21.5
)
. (58)
The parameter αei is given by
αei ≡
me
eτei
=
4
√
2pi
3
e3m
3/2
i Z
2
i ni lnΛ
µeiT 3/2
. (59)
We use the Newton’s law of action and reaction (Ciolek & Mouschovias 1993), i.e.,
ρa
τab
=
ρb
τba
. (60)
The following relation then holds in the case of np = ne:
αpe = αep. (61)
The parameter αep = αpe is given [Eq. (59)] by
αep = 1.26× 10
−9 G
(
T
22 K
)−3/2 ( nH
5.69× 10−3 cm−3
) (
χH+
6.52 × 10−5
) (
ln Λ
21.5
)
. (62)
We apply Eq. (60) to the e+7Li+ system, and derive
α7e = αe7
ne
n7
=
4
√
2pi
3
e3m
3/2
7 np ln Λ
µe7T 3/2
∼
(
m7
mp
)3/2
αep. (63)
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We also apply Eq. (60) to the p+7Li+ system, and derive
α7p = αp7
np
n7
=
4
√
2pi
3
e3m
3/2
7 np lnΛ
µp7T 3/2
= α7e
µe7
µp7
∼
8me
7mp
α7e ≪ α7e. (64)
The friction from the p+7Li+ scattering is then neglected.
(xx) escape fraction of ion
The fraction of an ionic species escaping through the outer boundary of the structure during the structure formation is
estimated as
Fi,esc(t) =
∆Mi(t)
Mi
=
∫ t
ti
M˙i(t
′)dt′
Mi
, (65)
where Mi is the total mass of ion i initially contained in the structure before the contraction, ∆Mi(t) is the total mass of ion
i which escaped from the structure by time t, and ti is the initial time which should be larger than the time of the primordial
nucleosynthesis ∼200 s. We have assumed the spherical symmetry in the infall of neutral hydrogens, and the axial symmetry
in the ion infall. The mass loss rate is then given by
M˙i(t) = 2pir
2
str(t)
∫ π
0
sin θ dθ ρi(t, rstr(t), θ) vi,esc(t, rstr(t), θ), (66)
where rstr(t) is the structure radius in a spherical coordinate at time t, θ = tan
−1(r/z) is the angle between the position vector
and the symmetrical z axis, and ρi(t, rstr(t), θ) is the density at position (rstr(t), θ) at time t. The variable vi,esc(t, rstr(t), θ)
is the escape velocity defined by
vi,esc(t, rstr(t), θ) = (vi − vn) · rˆ
= sin θ [vir(t, rstr(t), θ)− vnr(t, rstr(t), θ)] + cos θ [viz(t, rstr(t), θ)− vnz(t, rstr(t), θ)] , (67)
where rˆ is the unit vector with the direction of the position vector r.
When we roughly assume that the density in the structure is homogeneous, the mass loss rate reduces to
M˙i(t) =
3Mi
2rstr(t)
∫ π
0
sin θ dθ vi,esc(t, rstr(t), θ). (68)
The escape fraction of ion i is then given by
Fi,esc(t) =
3
2
∫ t
ti
dt′
1
rstr(t′)
∫ π
0
sin θ dθ vi,esc(t
′, rstr(t
′), θ)
= 2
∫ ln t
ln ti
〈vi,esc(t
′, rstr(t
′))〉µ
H(t′)rstr(t′)
d ln t′, (69)
where
〈vi,esc(t
′, rstr(t
′))〉µ =
1
2
∫ 1
−1
dµ vi,esc(t
′, rstr(t
′), cos−1 µ) (70)
is the average value of the escape velocity. The recession velocity at the structure boundary, rsph = rstr(t), is H(t)rstr(t).
Then, in Eq. (69) the time integration is dominated by the epoch when the escape velocity is a significant fraction of the
recession velocity.
We note that the escape of ions from cosmological structures is similar to that of charged dust grains from MCs. Equations
(66) and (68) for the time evolution of ionic mass in cosmological structures by the ambipolar diffusion during gravitational
contraction is conceptually the same as equations (3a) and (3b) of Ciolek & Mouschovias (1996) for that of the mass fraction
of charged dust grains in MCs.
4 RESULT
We assume two cases of magnetic field amplitudes, Bz0 = 3× 10
−10 G (Case 1) and 3× 10−11 G (Case 2). The former value
is so large that charged chemical species escape from a gravitational collapse of neutral atoms, while the latter is not. The
mass of the structure is 106 M⊙ in the both cases. The electric current density j is determined from rotation of the magnetic
field through the Ampere’s equation [Eq. (15)]. The friction from inflowing neutral hydrogens determines the radial velocities
of charged species through a balance between the friction and Lorentz forces.
The structure mass is chosen for the following reason. The chemical separation of charged and neutral species proceeds
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when the gravitational collapse of structures enhances the matter density. In the ΛCDM cosmological model, smaller structures
form earlier. Larger structures such as galaxies form through collisions and mergers of smaller structures. Here we consider
only structures such that they collapse at the redshift of z = 30 − 10, and baryonic matter can form astrophysical high-
density objects in the structures after their collapses. Then, masses of such structures should be larger than ∼ 106 − 108 M⊙
(Tegmark et al. 1997). Significant fractions of baryonic matters in large structures which are observed today, therefore, have
experience that they enhanced their densities at gravitational contractions of small structures with nearly the minimum
masses. We then assume a small structure with mass 106 M⊙ as a first structure. Although the merger is a dominant cause
of the formation of large structures, a part of baryonic matter is expected to have flown into the structures along filament
structures (T. Ishiyama, 2013; private communications). It is, therefore, not to say that almost all material experienced the
density enhancement at gravitational collapses of near-spherical structures.
In this section, we show results of time evolutions for average densities of chemical species, spatial distributions of the
densities and azimuthal magnetic field. Results of other physical variables are described in Appendix B.
4.1 Average densities versus time
Figure 2 shows densities of hydrogens (open circles), proton and 7Li+ for Case 1(open diamonds) and Case 2 (filled triangles),
respectively, averaged over the structure volume as a function of cosmic time t. The densities are normalized as ρj/(Ajχ¯j),
where Aj is the mass number of j and χ¯j ≡ (nj/nH) is the initial cosmic average value for the number ratio of j to hydrogen.
Solid lines show analytical curves of hydrogen densities in the structure (upper line) and IGM (lower). They are calculated
based on the following assumption: Outside the structure, the density is given by cosmic average density:
ρOH(t) = ρ¯H(t)
= ρOH(ti)
(
1 + z
1 + zi
)3
, (71)
where z and zi are redshifts corresponding to time t and ti, respectively. Inside the structure, on the other hand, the density
is given by
ρIH(t) = ρb(ti)X
[
rsph(ti)
rsph(t)
]3
=
3
4pi
Mstr
A3G (1− cos θG)
3
(
Ωb
Ωm
)
X
= 7.57 × 10−26 (1− cos θG)
−3 g cm−3
(
Mstr
106M⊙
)(
AG
298 pc
)−3 (
Ωb
0.0463
)(
Ωm
0.279
)−1 ( X
0.75
)
. (72)
When effects of magnetic field are small, curves of H+ and 7Li+ should be nearly the same as that of hydrogen. The dashed
line shows an analytical curve for charged species, such as proton and 7Li+, based on the following assumption: The species
can collapse gravitationally along the axis of magnetic field (z-axis), and just expands across the field at the same velocity as
the cosmic average expansion. In this case, its density evolves as
ρIi(t) = ρ
I
i(ti)
rsph(ti)
rsph(t)
[
1 + z
1 + zi
]2
= Aiχ¯i
[
ρIH(t)
]1/3 [
ρOH(t)
]2/3
, (73)
where it was assumed that hydrogen densities inside and outside the structure, i.e., ρIH(t) and ρ
O
H(t), respectively, are almost
equal at the initial time ti(≪ t). The ti value has been taken to be enough small.
In Case 1, charged species in the structure are diluted at the intermediate phase with low densities. This dilution can be
measured as the ratio between the normalized densities of p (and 7Li+) and hydrogen. The ratio reduces when the density
becomes low around the turnround. In the early and late phases of high densities, dilutions do not proceed effectively since
the motions of charged and neutral species are strongly coupled in high density environments. Eventually, the 7Li+ ion is
diluted in the structure by a factor of ∼ 4 in the end of the calculation. This dilution history is qualitatively applied to Case
2. The dilution factor is, however, much smaller in Case 2.
4.2 Chemical separation
Figure 3 shows normalized densities of hydrogen (straight lines), proton and 7Li+ (curves) as a function of radius from the
structure centre for Case 1 (left panel) and Case 2 (right panel). Density distributions are drawn for six different times: t=9.29
Myr (denoted by number 1), 102 Myr (2), 195 Myr (3), 288 Myr (4), 381 Myr (5), and 474 Myr (6). Times 1-3 are in an
expanding phase, and times 4-6 are in a collapsing phase. Note that structure sizes or densities of neutral hydrogen are the
same at times 1 and 6, 2 and 5, and 3 and 4, respectively. Solid and dashed lines correspond to the regions inside and outside
of the structure, respectively. The initial gradient of Bz causes an expansion of the charged-species fluid. Since the Bz value
is large at a small radius, the expansion is fast in the region of small r. Accordingly the magnetic field amplitude and its
gradient rapidly decrease in the inner region of small r. Since the gradient of Bz is not assumed in the outer region of large r,
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Figure 2. Calculated average densities of hydrogen (open circles), proton and 7Li+ for Case 1 (open diamonds) and Case 2 (filled
triangles), respectively, in the structure as a function of cosmic time t. The densities are normalized by the factor of nuclear mass number
Aj times the initial cosmic average value for the number ratio of j and hydrogen χ¯j . Solid lines show analytical curves of hydrogen
densities in the structure (upper line) and IGM (lower). It was assumed that inside the structure, the density is determined by the
gravitational free fall of matter, and that outside the density is given by the cosmic average density. The dashed line shows an analytical
curve for charged species, such as proton and 7Li+, based on the following assumption: The species can collapse gravitationally along
the axis of magnetic field, but expands across the field exactly following the cosmic average expansion.
Figure 3. Normalized densities of hydrogen (straight lines), proton and 7Li+ (curves) as a function of radius from the structure centre
for Case 1 (left panel) and Case 2 (right panel) at t=9.29 Myr (1), 102 Myr (2), 195 Myr (3), 288 Myr (4), 381 Myr (5), and 474 Myr
(6). Solid and dashed lines correspond to the regions inside and outside the structure, respectively.
charged particles do not move in the outer region. Then, high density shells forms at the boundaries between the inner and
outer regions as seen in this figure as bumps. The curves for the densities of charged species have oscillatory structures as well
as the bumps caused by the assumed initial condition. The charged species inside the structure are diluted more efficiently in
Case 1 than in Case 2 because of the stronger magnetic field.
4.3 Magnetic field
Figure 4 shows the magnetic field (z-component) as a function of radius for Case 1 (left panel) and Case 2 (right panel). Solid
and dashed lines correspond to values inside and outside the structure, respectively. Additionally to the effect of expansion
and collapse of neutral hydrogens, weakening of magnetic field is observed in the small r region. This dilution is cased by
outward movements of charged species (Fig. 3). It is seen that outgoing charged species decrease the Bz value in the small r
region more significantly in Case 1 than in Case 2.
In Case 1, the magnetic field at time 6 is almost uniform inside the collapsing structure. The information for the initial
condition of the field gradient (Sec. 2.5) is thus wiped out by the diffusion of the charged plasma and magnetic field through
the contracting neutral matter. It is expected that when the initial magnetic field gradient is large enough and that an
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Figure 4. Magnetic field (z-component) as a function of radius for Case 1 (left panel) and Case 2 (right panel) at t=9.29 Myr (1), 102
Myr (2), 195 Myr (3), 288 Myr (4), 381 Myr (5), and 474 Myr (6). Solid and dashed lines correspond to values inside and outside the
structure, respectively.
ambipolar diffusion effectively operates as in Case 1, the result is possibly not so sensitive to the type or the details of the
initial magnetic field gradient. This is because if the field evolves by the ambipolar diffusion, the initial conditions will be
forgotten after a certain amount of time.
5 MAGNETIC FIELD AMPLITUDE
In preceding sections, a magnetic field generation is neglected. The generation, however, proceeds through a drift current
creation in the structure, although its effect is insignificant as explained below.
The magnetic field in a structure evolves (Browne 1982) as∣∣∣dB
dt
∣∣∣ = 1
4piσe
∣∣∇2B∣∣ ≈ B
4piσeL2B
, (74)
where
σe =
nee
2τep
me
(75)
is the electron conductivity (Grasso & Rubinstein 2001). The magnetic field on a length scale LB diffuses during the early
structure formation in the typical time-scale of
τdiff(LB) = 4piσeL
2
B
= 6.39 × 1018 yr
(
T
22 K
)3/2 ( ln Λ
21.5
)−1( LB
597 pc
)2
. (76)
Thus, large inductances of large astrophysical objects result in very long diffusion times. The generation of magnetic field in
the cosmological time-scale is, therefore, impossible. The self-inductance of astrophysical objects with length scale LB is given
by Lind(LB) ∼ µmLB , where µm is the magnetic permeability. When some electromotive force is created in the structure, an
electric current is produced at an approximately constant production rate. The rate is inversely proportional to the inductance.
The magnetic energy W stored in a coil, that is the structure itself in the present case, is proportional to the electric current
squared, W = Lind(LB)I
2/2 ∼ µmLBI
2, where I ∼ jL2B is the electric current. The magnetic energy per volume, L
3
B , is
then proportional to the length scale squared: W/L3B ∼ µmLB(jL
2
B)
2/L3B ∼ µmj
2L2B . The generation of magnetic field on a
large scale of LB , therefore, requires large amount of source energy density. For the reason above, the magnetic field is never
generated effectively by an electric current associated with dynamical friction.
The Ampere’s equation [Eq. (15)] relates an electric current density to a magnetic field as
jφ ∼
Bz
4piLB
= 2.89 × 10−13 cm−2 s−1
(
Bz
10−10 G
)(
LB
597 pc
)−1
.
(77)
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If a magnetic field and an electric current density existed from the beginning of the structure formation, and the Lorentz
force is enough large to realize a separation between charged and neutral species, charged species possibly do not collapse
gravitationally. The charged species, therefore, do not participate in structure formations. Although charged species move
differently from neutral species, scatterings between charged and neutral species efficiently transfer the kinetic energy of neutral
species to charged species. The velocity difference between H and proton has been assumed to be the typical cosmological
recession velocity in the present case [Eq. (46)]. This velocity corresponds to the proton temperature of T ∼ mpv
2
rel/6 = 52.3
K. The scatterings then gradually increase the temperature of charged species as a function of time. Resultantly, it is expected
that the friction time-scale, τei [cf. Eq. (58)], increases.
The equilibrium amplitude of the magnetic field is then related with the velocity difference [Eqs. (14) and (77)]:
Bz ∼
√
4piLBjφBz ∼
√
4piLBenp(αpn + αen)(vpr − vnr)
= 5.24 × 10−8 G
(
nH
5.69 × 10−3 cm−3
)(
χH+
6.52× 10−5
)1/2 ( ∆vr
1.61 km s−1
)1/2( LB
597 pc
)1/2 [ (σv)pH
2.3× 10−9 cm3 s−1
]1/2
,
(78)
where ∆vr = vpr − vnr is the velocity difference. In the second line, we assumed typical physical values estimated at the
gravitational turnround z = ztur = 16.5, and the critical value of ∆vr given by the cosmological recession velocity at the
turnround [Eq. (46)]. The corresponding comoving magnetic field is Bz0 = Bz(ztur)/(1 + ztur)
2 = 0.171 nG. We note that the
minimum amplitude of magnetic field which can support the charged species against the dynamical friction is larger when a
larger structure is considered (Sec. 5.2).
If the time-scale of field generation were shorter than the dynamical time of the system, an azimuthal electric current
density is gradually induced by F × B drifts. A poloidal magnetic field is then generated. Magnetic fields in astronomical
objects can be related to electric currents existing in their interiors. In general, the fields are generated by electric currents
which themselves are formed by motions of charged species, vi, in regions with finite amplitudes of magnetic fields. This
process for an amplification of magnetic field is called self-exciting dynamo, and is thought to operate in the Sun, Earth, other
planets, interstellar clouds, and Galaxy (Alfven 1981, pp. 86–88). The dynamo effectively operates if a primary field exists
initially, and has its origin different from the dynamo. One of requirements for a self-exciting dynamo is an enough energy
release inside the object to energize the dynamo (Alfven 1981, pp. 114–115).
5.1 Two stream instability
A relative motion of an electron fluid to an ion fluid can cause a micro-instability (Woods 2004). If the relative velocity exceeds
a critical value, a turbulence is triggered. When the temperatures of electron and proton are equal, the critical values of relative
velocity is vrel = FCe, where F ≈ 0.604 is a factor fixed for the maximum growth rate of instability, and Ce ≡ (Te/me)
1/2 is
a measure for thermal speed of electron.
However, the relative velocity is much smaller than the electron thermal velocity even when the azimuthal electric current
density is so high that the radial velocity difference of protons and hydrogens is equal to the cosmic recession velocity at the
turnround. Then, the instability does not occur. The relative velocity is given by
vrel = vpφ − veφ ≈
αpn
Bz
HL
= 3.81× 10−4 cm s−1
(
χH+
6.52× 10−5
)−1/2( H
2.70× 103 km s−1 Mpc−1
)1/2 [ (σv)pH
2.3× 10−9 cm3 s−1
]1/2 (
L
LB
)1/2
,
(79)
where Eqs. (53), (55), (78), (A7), and (A17) were used. On the other hand, the Ce value is given by
Ce ≡
√
Te/me
= 1.83× 106 cm s−1
(
1 + z
17.5
) (
1 + δ
5.55
)1/3
. (80)
5.2 Magnetic field generation in molecular cloud
We roughly check an amplitude of magnetic field generated through a drift current in MCs. For this purpose, we take physical
quantities at the surface of MCs in Model A of Ciolek & Mouschovias (1994): nH ∼ 2.6×10
3 cm−3, χH+ ∼ 10
−10, L ∼ 4.3 pc,
B ∼ 35.3 µG, |vnr| ∼ 1.9 × 10
3 cm s−1, σpn(∆vr ∼ 10
3 cm s−1) ∼ 1.6 × 10−13 cm 2. The αpn value [Eqs. (53) and (55)] is
then estimated to be
αpn = 2.93× 10
−12 G
(
nH
103 cm−3
)[ (σv)pH
3.1 × 10−10 cm3 s−1
]
. (81)
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Figure 5. Illustration for the creation of magnetic field gradient in the radial direction. The upper direction is defined as the z-axis,
and open circles correspond to boundaries of a structure at an early epoch before the gravitational contraction (left part) and at a late
epoch during the contraction (right part). Thin arrows show magnetic field lines, open thick arrows indicate directions of the gravity,
and filled thick arrows indicate directions of the field gradient.
The amplitude of generated field is then given [Eqs. (14) and (77)] by
δBz ∼ 4pijφLB =
4pienpαpn∆vrLB
Bz
= 1.82 × 10−11 G
(
nH
103 cm−3
)2 ( χH+
10−10
) [ (σv)pH
3.1× 10−10 cm3 s−1
] (
Bz
10 µG
)−1 (
∆vr
103 cm s−1
)(
LB
1 pc
)
. (82)
This is much smaller than the initial magnetic field assumed in a MC, Beq,c0 = 35.3 µG. The field generation, therefore, does
not affect at all the total amplitude of magnetic field during the time evolution of the model MC.
6 GENERATION OF A MAGNETIC FIELD GRADIENT
In the present calculation, gradients of the magnetic field in the r-direction are assumed in the initial conditions. Practically,
charged species of ions and electrons move outward only in special configurations of magnetic fields as in this setting. A
gradient of the magnetic field can, however, be generated through the gravitational collapse of a structure even if the initial
magnetic field amplitude is coherent and homogeneous.
Figure 5 shows an illustration for the creation of magnetic field gradient in the r-direction. The upper direction on the
plane of paper is defined as the z-axis, and open circles correspond to boundaries of a structure at an early epoch before the
gravitational contraction (left part) and at a late epoch during the contraction (right part). Thin arrows show magnetic field
lines, open thick arrows indicate directions of the gravity, and filled thick arrows indicate directions of the field gradient. The
baryon density inside the structure increases relative to that of outside, as a function of time. Since field lines are initially
frozen into the charged plasma, the Bz value increases inside the structure. A field gradient is then generated in the r-direction
near the boundary (right part). Consequently, the Lorentz force is produced in the r-direction with its strength proportional
to [(∇×B)×B]r ∼ −(∂rBz)Bz [Eq. (20)].
7 PARAMETER REGION FOR CHEMICAL SEPARATION
7.1 Scales of structure and magnetic domain
In the ΛCDM model, large structures such as galaxies and galactic clusters are formed through collisions and mergers of
smaller structures. When we consider gravitational collapses of structures with scales smaller than that of Galaxy, effects of
the magnetic field on motions of charged and neutral species are quantitatively different from that of larger structures. For
example, a smaller velocity difference is needed for charged species to escape from gravitational collapse of smaller structures
at the time of turnround, i.e., H(ztur)rsph.
We note that the typical scale of the magnetic domain in which the field direction is coherent should be larger than the
system scale. If the scale of the magnetic domain is smaller than the system scale, average radial velocities of charged species
are roughly the same as that of neutral species although there are fluctuations in velocities caused by the magnetic field
existing over small scales. We, therefore, have a constraint on the comoving LB0 value, i.e., LB0 > L(1 + z) [cf. Eq. (41)].
7.2 Constraints
The condition for the gravitational collapse of neutral matter is that the gravitation [the first term in RHS of Eq. (19)] is
larger than the Lorentz force (the second term). It is clear that magnetic fields on the scale larger than 600 pc with amplitude
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less than ∼ 10−7 G do not affect the gravitational collapse of neutral atoms [Eqs. (22) and (23)]. When the amplitude and the
spatial scale of magnetic field satisfy the condition, neutral species can collapse gravitationally. Using Eqs. (22), (23), (38),
and (40), the condition is derived:
B2z
LB
< 1.93 × 10−14 G2 kpc−1
(
1 + ztur
17.5
)5 ( h
0.700
)10/3 ( Ωb
0.0463
)(
Ωm
0.279
)2/3( Mstr
106 M⊙
)1/3
. (83)
The comoving value is related to the proper value by B2z0/LB0 = (1 + z)
−5B2z/LB . The condition on the comoving value is
then given by
B2z0
LB0
< 1.18 × 10−20 G2 kpc−1
(
h
0.700
)10/3 ( Ωb
0.0463
)(
Ωm
0.279
)2/3( Mstr
106 M⊙
)1/3
. (84)
This constraint is independent of the turnround redshift ztur.
The condition to suppress the gravitational collapse of charged species is that the Lorentz force is larger than the friction
from neutral hydrogens for the velocity difference given by the cosmic recession velocity at the turnround. In this case the
equation, i.e., vpr−vnr > H(ztur)rsph, holds. When the amplitude and the spatial scale of magnetic field satisfy the condition,
charged species can get left in IGM typically. The friction on proton is the predominant friction working on the whole charged
fluid in the radial direction. The proton velocity is then related to the velocity of neutral matter [Eq. (32)].
Using Eqs. (23), (39), (40), (41), (46), and (78), the condition is derived:
B2z
LB
> 4.59 × 10−15 G2 kpc−1
(
1 + ztur
17.5
)13/2 ( h
0.700
)13/3 ( Ωb
0.0463
)2 ( X
0.75
)2 (1 + δ
5.55
)2 ( Ωm
0.279
)1/6
×
(
χH+
6.52 × 10−5
)[ (σv)pH
2.3 × 10−9 cm3 s−1
](
Mstr
106 M⊙
)1/3
. (85)
The condition on the comoving value is also given by
B2z0
LB0
> 2.80× 10−21 G2 kpc−1
(
1 + ztur
17.5
)3/2 ( h
0.700
)13/3 ( Ωb
0.0463
)2 ( X
0.75
)2 (1 + δ
5.55
)2 ( Ωm
0.279
)1/6
×
(
χH+
6.52× 10−5
)[ (σv)pH
2.3× 10−9 cm3 s−1
](
Mstr
106 M⊙
)1/3
. (86)
In Eqs. (85) and (86), the reaction rate (σv)pH is a function of the turnround redshift and the structure mass. It is given by
the value for the cosmic recession velocity [Eq. (46)] at the boundary of the structure [Eq. (41)].
Figure 6 shows constraints on the comoving Lorentz force B2z0/LB0 as a function of the turnround redshift ztur. Solid lines
correspond to lower limits from the condition that charged species do not contract along with neutral hydrogen [Eq. (86)].
Dashed lines correspond to upper limits from the condition for the gravitational collapse of neutral hydrogens [Eq. (84)]. For
respective constraints, lines are shown for three cases of the structure mass, Mstr = 10
6 (the lowest lines), 109 (the middle
lines), and 1012 M⊙ (the highest lines). For Mstr = 10
6 M⊙, we find a parameter region for a successful chemical separation
at B2z0/LB0 . 10
−20 G2 kpc−1 at redshift 1 + ztur . 30. For Mstr = 10
9 M⊙, a similar interesting parameter region exists at
B2z0/LB0 . 10
−19 G2 kpc−1 and 1 + ztur . 15. For the most massive case of Mstr = 10
12 M⊙, no region is found at relatively
high redshifts of 1 + ztur ∼ 10. In this way, at gravitational collapses of heavier objects, it is more difficult to separate the
motions of neutral and charged particles.
Figure 7 shows constraints on the comoving Lorentz force as a function of the structure mass Mstr. Solid lines correspond
to lower limits from the condition for the motion of charged species [Eq. (86)] for three cases of the turnround redshift,
1 + ztur = 17.5, 25.4, and 33.3 (corresponding to the collapse redshift zcol = 10, 15, and 20, respectively). The dashed line
shows the upper limit from the condition for the gravitational collapse of neutral hydrogens, which are independent of the
turnround redshift [Eq. (84)]. It can be seen that the chemical separation is more difficult in structures which collapse earlier.
We find parameter regions for the chemical separation at Mstr 6 O(10
8) M⊙ for the latest collapse case of 1 + ztur = 17.5,
Mstr 6 O(10
7) M⊙ for 1 + ztur = 25.4, and Mstr 6 O(10
6) M⊙ for 1 + ztur = 33.3.
8 DISCUSSION
8.1 Later epoch of the structure formation
We comment on a possibility of chemical separation in a later epoch of structure formation. Depending on the virialization
temperature of the collapsing structure, the ionization degree after the virialization can be smaller than that during the
gravitational collapse because of the high density. The baryon density in the late epoch is, on the other hand, much larger
than that during the collapse. Then, the larger friction force must be balanced by the Lorentz force originating from a
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Figure 6. Constraints on the comoving Lorentz force as a function of the turnround redshift. Solid lines show lower limits from the
condition that charged species do not contract along with neutral hydrogen. Dashed lines show upper limits from the condition for the
gravitational collapse of neutral hydrogen. Lines are drawn for three cases of the structure mass, Mstr = 106, 109, and 1012 M⊙.
Figure 7. Constraints on the comoving Lorentz force as a function of the structure mass. Solid lines show lower limits from the condition
that charged species do not contract along with neutral hydrogen. Lines are drawn for three cases of the turnround redshift, 1+ztur = 17.5,
25.4, and 33.3 (corresponding to the collapse redshift zcol = 10, 15, and 20, respectively). The dashed line shows the upper limit from
the condition for the gravitational collapse of neutral hydrogen independently of the turnround redshift.
larger magnetic field. For a fixed structure mass, the gravitation term [the first term in RHS of Eq. (19)] roughly scales as
∝ ρ
5/3
b ∝ (1+ δ)
5/3 [Eq. (22)]. On the other hand, the Lorentz force term (the second term) scales as ∝ B2/LB ∝ (1+ δ)
5/3 if
we roughly assume adiabatic contractions of charged species and magnetic domains in the early epoch of structure formation.
Therefore, it is expected that if an ambipolar diffusion does not occur in the early structure formation epoch, it does not also
in a later epoch as long as a magnetic field generation does not operate during the structure formation.
8.2 Chemical reactions
Lithium atoms can be ionized by a ultraviolet (UV) photon as
Li + γ → Li+ + e−. (87)
They can be ionized also through a collision with an H+ ion, which is generated by UV photons or cosmic rays:
Li + H+ → Li+ +H. (88)
The ionization potential of Li is I(Li) = 5.39 eV which corresponds to the temperature T = 2I(Li)/3 ∼ 4 × 104 K. Some
proportion of Li atoms can be also easily ionized by external UV sources or a gas heating at the virialization of structures.
The Li+ ions produced secondarily in this way can then be trapped by magnetic field, and possibly be left out of forming
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structures. Such a contribution to a resulting lithium abundance in the collapsed structure, however, operates after the
gravitational collapse considered in this paper. They are then neglected here.
8.3 Li abundance of MPS
Astronomical observations indicate primordial abundances of D (Pettini & Cooke 2012), 3He (Bania, Rood, & Balser 2002),
and 4He (Izotov & Thuan 2010; Aver, Olive, & Skillman 2010) consistent with those predicted in SBBN model. Primordial 7Li
abundance is inferred from spectroscopic observations of metal-poor halo stars. We adopt log(7Li/H)= −12+ (2.199± 0.086)
determined with a 3D nonlocal thermal equilibrium model (Sbordone et al. 2010). This estimation corresponds to the 2σ
range of
1.06× 10−10 < (7Li/H)MPS < 2.35 × 10−10. (89)
This Li abundance level is ∼ 3–4 times smaller than the SBBN prediction (Coc et al. 2012, 2013), and the dispersion of
observed Li abundance is small. Since the observed 7Li abundance is not so different from the SBBN prediction, it is naturally
expected that SBBN model successfully describes the outline of primordial light element synthesis. The Li abundances in
MPSs can be affected by several physical processes operating after the BBN epoch. The abundance ratio of Li and H in MPSs
is then expressed as
(Li/H)MPS = (Li/H)SBBN F dep, (90)
where (Li/H)SBBN is the abundance ratio in SBBN model, and F dep is the depletion factor associated with 1) modified BBN
models including exotic long-lived particles or changed expansion rate, 2) the structure formation as considered in this paper,
3) the virialization of the structure, 4) the formation of observed MPSs, and 5) the stellar processes in surfaces of MPSs
occurring from the star formation until today.
Generally, cosmological processes change elemental abundances universally, while astrophysical processes do locally de-
pending on physical environments of respective stars. It is, therefore, difficult to explain the discrepancy in 7Li abundance
with astrophysical processes which result in large dispersions in the abundance.
The depletion factor from the chemical separation during the structure formation can be described by
F dep ≡
[(n7Li + n7Li+)/(nH + nH+)]str
[(n7Li + n7Li+)/(nH + nH+)]uni
≈
χ7Li,uni + χLi+,str
(χ7Li + χ7Li+)uni
, (91)
where quantities with subscripts, ‘uni’ and ‘str’, are values of the homogeneous early universe after the cosmological recom-
bination, and those of the collapsed structure in the late universe, respectively. In the second line, it was assumed that the
primordial ionization degree of hydrogen is negligibly small, i.e., χH+ ≪ 1, and that values of the number ratio χ7Li are equal
in the homogeneous early universe and the structure. We suppose the initial abundance ratio of 7Li+/7Li ∼ 1 as suggested
from a chemical history of homogeneous early universe (Vonlanthen et al. 2009). The chemical separation via the ambipolar
diffusion can only dilute the charged 7Li+. The depletion factor is, therefore, 1/2 at minimum when the primordial 7Li+
is completely expelled from the structure. This factor would be smaller if the initial 7Li+ abundance in the gravitational
structure formation is larger for some reason. For example, even a small intensity of ionizing photon of 7Li would quickly
transform 7Li to 7Li+ without absorption by neutral hydrogen (Sec. 8.2). On the other hand, the depletion factor would be
larger if the chemical separation is less efficient.
The Li abundance of MPSs may not be explained by the chemical separation only. In that case, we need another depletion
mechanism. As an example, a rotationally induced mixing model (Pinsonneault et al. 1999, 2002) for MPSs is chosen here
since dispersions as well as depletion factors are predicted theoretically only in this model among stellar depletion models.
Since the predicted depletion factor is proportional to the dispersion factor, the depletion factor is constrained from observed
dispersions. Pinsonneault et al. estimated the depletion factor: ‘0.13 dex, with a 95 % range extending from 0.0 to 0.5 dex’
(Pinsonneault et al. 2002). This model explains a part of the Li abundance discrepancy although the complete solution by
this mechanism only seems almost impossible. The Li abundances in MPSs may, therefore, be explained by the combination
of the ambipolar diffusion during the structure formation and the rotationally induced mixing in stars.
Stellar Li abundances in metal-poor globular clusters (GCs) have also been measured. For example, GC M4 was studied
using high-resolution spectra with GIRAFFE at Very Large Telescope. The Li abundance in turn-off stars is then found to be
log(7Li/H)= −12 + (2.30 ± 0.02 + 0.10) (Mucciarelli et al. 2011). All Li abundances measured so far are summarized in Fig.
3 of Mucciarelli et al. (2011), and they are consistent with abundances in metal-poor halo stars at present. If the ambipolar
diffusion studied in this paper caused the small Li abundances of MPSs, however, reduction factors of MPSs can reflect
respective histories of parent structure of MPSs. In a modern model calculation for GC formation, the Galaxy formation
results from a continuous process of merging and accretion which is realized in a hierarchical structure formation scenario
(Kravtsov & Gnedin 2005). In the model, GCs form at densest regions of filaments in a large-scale structure.
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8.4 Other constraint on PMF
Theoretical and observational constraints on the cosmic magnetic field have been summarized in Durrer & Neronov (2013).
The magnetic field strength in the interesting parameter region found in this study (Sec. 7) looks somewhat higher than
the theoretical upper limit from the effect of dissipation of magnetic field through the processing by MHD turbulence. The
propagation length of Alfve´n wave is given by λB ∼ vAt, where vA is the Alfve´n speed. This length scale corresponds to
“the size of largest processed eddies” (Durrer & Neronov 2013) by MHD turbulence. The Alfve´n speed during the matter
dominated epoch of the homogeneous universe is given by vA = B/
√
4piρb with ρb ∝ (1 + z)
3 the baryon density [Eq. (38)].
Note that the density used in the Alfve´n speed is that of fluid with a frozen-in magnetic field. The density is then given by the
total density if the fluid is fully ionized or if the neutral fluid is effectively coupled to the charged fluid through the collision
so that the magnetic field can be considered frozen also into the neutral fluid. The physical states considered in this paper are
ones in which the matter is only weakly ionized and the coupling of the charged and neutral fluids is effective. Although the
ambipolar diffusion reduces the magnetic pressure gradient until the Lorentz force becomes comparable to the gravitation [cf.
Eq. (25)], the coupling is effective after then. Therefore, the total fluid has a frozen-in magnetic field and its density is used
in the Alfve´n speed. The distance is then given by
λB ∼
[
B0
(4piρb0)
1/2
(1 + z)1/2
] [
2
3H0Ω
1/2
m (1 + z)3/2
]
=
23/2
33/2
B0
mPlH20Ω
1/2
b Ω
1/2
m (1 + z)
, (92)
where mPl is the Planck mass. Consequently, the comoving propagation length λB0 = λB(1 + z) is constant.
Since the magnetic fields on scales shorter than λB0(B0) decay, there is a maximum amplitude of magnetic field which
escapes from this decay for a given λB0. From the above equation, an upper limit on the B0 value is derived as
B0 . 1.3× 10
−10 G
(
h
0.700
)2 ( Ωb
0.0463
)1/2 ( Ωm
0.279
)1/2( λB0
10 kpc
)
. (93)
This upper limit is lower than the field value required for the chemical separation [Eqs. (84) and (86)] (by a factor of ∼ two
for λB0 = 10 kpc). However, Eq (93) is just a rough estimate, and realistic limits should be derived in precise calculations in
future. It is interesting that the upper limit caused by the MHD processing in the early universe is near to the interesting
field strength. It indicates that relatively large magnetic field in the early universe may have been reduced by the MHD effect
to the level which is most appropriate for the chemical separation causing the lithium problem.
During the gravitational collapse of structures, the Alfve´n speed increases as ∝ (1 + δ)1/6 if the dissipation of magnetic
field is not operative. The dissipation scale in collapsed structures which are decoupled from the cosmic expansion is then
given by
λstrB (z) ∼
23/2
33/2
B0(1 + z)
1/2(1 + δ)1/6
mPlH20Ω
1/2
b Ω
1/2
m (1 + z)3/2
. (94)
The contraction increases the dissipation scale slightly. The MHD effect then becomes significant in a large density environ-
ment. Therefore, after the collapse, the magnetic field strength can be decreased further.
9 SUMMARY
We considered a possible effect of PMFs on motions of charged and neutral chemical species during the formation of first
structures at redshift z = O(10). We assumed that the PMF has a gradient in a direction perpendicular to the field direction.
This gradient is realized by an electric current density in the direction perpendicular to both directions of the field lines and
the gradient. The Lorentz force on the charged species then causes a velocity difference between charged and neutral species in
the direction of the field gradient. Resultantly, a velocity of charged species can be different from that of neutral species which
collapses gravitationally during the structure formation. Therefore, 7Li+ ions may have possibly escaped from gravitational
collapse of early structures.
Calculations for fluid motions of charged and neutral species were performed through a simple estimation using fundamen-
tal fluid and electromagnetic equations. We assumed a gravitational contraction of neutral matter in a spherically symmetric
structure. In addition, we utilized a cylindrical coordinate, and assumed a gradient of the altitudinal (z-component) magnetic
field in the radial direction. Related physical quantities are listed, and their typical values are given in Sec. 3. Some analytical
equations are introduced in Appendix A.
When the amplitude of magnetic field is sufficiently large, the charged fluid significantly decouples from the neutral fluid.
It is then possible that during the gravitational contraction of structure mainly composed of neutral hydrogens, contractions
of protons, electrons, and 7Li+ ions do not occur. Although fluid motions of charged chemical species are solved for only H+,
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e, and 7Li+ in this study, other charged species are expected to have similar motions. Because of large inductances of large
astronomical structures, the generation of magnetic field is never efficient during the structure formation at z ∼ 10. Therefore,
only PMFs which existed from the start of the structure formation can trigger the chemical separation.
The chemical separation requires the magnetic field gradient in a direction perpendicular to the field direction. Although
such a gradient was assumed in the initial condition in this study, it may be produced associated with a density gradient
during the gravitational contraction of structures without any initial field gradient.
Based on the calculated result of the chemical separation, we derived a parameter region for a successful chemical
separation taking the structure mass, the turnround redshift of the gravitational collapse, and the comoving Lorenz force, i.e.,
B2z0/LB0, as parameters. It was found that the parameter region can be constrained to be very narrow. If such a chemical
separation has occurred during the structure formation, the primordial 7Li+, which was produced via the recombination of
7Li2+ but survived against its recombination during the cosmological recombination epoch, possibly does not participate in
the gravitational contraction. The abundance ratio of Li/H in early structures, which are progenitors of the Galaxy, can then
be smaller than that inferred from SBBN model. Therefore, the chemical separation may have caused the Li problem of the
MPSs.
The amplitude of the PMFs required for the chemical separation was estimated. It is close to (somewhat smaller than) an
upper limit determined from the effect of MHD turbulence on the decay of field amplitude. This fact indicates the following
possibility: The PMF was generated via some mechanism operating in the extremely early universe. The field amplitude was
modulated by the MHD effect to the value appropriate to the chemical separation.
APPENDIX A: SOLUTIONS OF VARIABLES FROM THE FORCE BALANCE
A1 Drifts in the expanding universe
We consider two different cases of weak and strong Lorentz forces.
A1.1 Weak Lorentz force
Firstly, we suppose that a magnetic field is so weak that collisional momentum transfers from hydrogens to electrons and
protons result in very small velocity differences despite the existence of the weak Lorentz force. This case typically satisfies
the condition Bz ≪ (4pienpαpnHLLB)
1/2 [cf. Eqs. (78) or (32)]. Because of effective scatterings between protons, electrons,
and neutral hydrogens, velocities of p and e are almost identical to that of neutral hydrogens, i.e., vp = ve = vn. The force
balances for p and e [Eqs. (4) and (5) with an assumption D/Dt = 0 and a neglect of ∇Pp and ∇Pe terms] give the value of
electric field:
E ∼= −vn ×B = −

 0vnzBr − vnrBz
0

 , (A1)
where it was assumed that neither magnetic field nor neutral hydrogen velocity has an azimuthal component.
A1.2 Strong Lorentz force
Secondly, we suppose that a magnetic field is strong. The collisional momentum transfers between charged species and
hydrogens with large radial relative velocities are then counterbalanced by the Lorentz force, i.e., Bz ∼ (4pienpαpnHLLB)
1/2.
The protons and electrons receive dynamical frictions from hydrogens with different amplitudes determined by momentum
transfer cross sections. In such a case, protons and electrons are promoted to start drifting in directions opposite to each other
with velocities, vDj = F j ×B/(ZjeB
2), where F j is the friction force [cf. Eqs. (4) and (5)]. The both drift directions are
perpendicular to the direction of the friction force. Drift velocities of protons and electrons are given by
vDp =
1
B2

 [−αpnvpφ + αpe (veφ − vpφ)]Bz[αpn (vnz − vpz)]Br − [αpn (vnr − vpr)]Bz
[αpnvpφ − αpe (veφ − vpφ)]Br

 , (A2)
vDe = −
1
B2

 − [αenveφ + αep (veφ − vpφ)]Bz[αen (vnz − vez)]Br − [αen (vnr − ver)]Bz
[αenveφ + αep (veφ − vpφ)]Br

 . (A3)
However, these drifts never complete effectively because of large inductances of large astrophysical objects (Sec. 5).
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A2 Equilibrium state
A2.1 Proton and electron
It is expected that bulk motions of chemical species and electromagnetic fields are in equilibrium states at all times during
the early epoch of structure formation. In the equilibrium state, force balance equations for proton (p or H+: the dominant
component of ion) and electron [Eqs. (6) and (7)] include nine unknown parameters: components of vectors E, vp, and ve.
Because of nearly complete neutrality for local charge, fluid velocities of ions and electrons should be approximately equal
as for r- and z-components. The number of independent parameters is then reduced to be seven: Er, Eφ, Ez, vpr = ver ,
vpz = vez , vpφ, and veφ.
The following conditions have been imposed additionally: vnφ = 0 and Bφ = 0. Then, three equations for Er, Eφ, and Ez
are obtained:
Er = −vpφBz − αpn(vnr − vpr) = −veφBz + αen(vnr − vpr), (A4)
Eφ = − (vpzBr − vprBz) + αpnvpφ − αpe (veφ − vpφ) = − (vpzBr − vprBz)− αenveφ − αpe (veφ − vpφ) , (A5)
Ez = vpφBr − αpn(vnz − vpz) = veφBr + αen(vnz − vpz). (A6)
From the second equality of Eq. (A5), we instantaneously find
veφ = −
αpn
αen
vpφ. (A7)
From the second equalities of Eqs. (A4) and (A6), vpr and vpz values are given, respectively:
vpr = vnr +
Bz
αen
vpφ, (A8)
vpz = vnz −
Br
αen
vpφ. (A9)
Insertion of Eqs. (A8) and (A9) in the first equality of Eq. (A5) leads to an expression for the parameter vpφ:
vpφ =
αen (Eφ +Brvnz −Bzvnr)
B2 + αenαpn + αpe (αen + αpn)
. (A10)
The vpφ value is given by the rotation of B field [Eq. (34)]. We thus have seven equations for seven variables. Therefore, the
solutions can be obtained.
A2.2 General singly-ionized ions
From the force equation for singly-ionized ions (i =H+, Li+, ...), the electric field is given by
E = −vi ×B −
ρi
τin
(vn − vi)
eni
−
ρi
τie
(ve − vi)
eni
. (A11)
The left-hand side corresponds to the term of electric field, and the first, second and third terms in the RHS correspond to the
Lorentz force, the frictions from H and electrons, respectively. The friction from protons is neglected in the force equation for
i 6= p since the friction parameter αip is ∼ me/mp times smaller than αie [cf. Eq. (64)]. For the case of
7Li+, the force balance
equation is somewhat different from that of proton because of differences in the ion masses and the momentum transfer cross
sections.
We do not assume the condition of charge neutrality since abundance of i can be negligibly small (for example, the
primordial number ratio of 7Li+/H is about 2.6 × 10−10 (Vonlanthen et al. 2009)). We have assumed that vnφ = 0 and
Bφ = 0. Then, three equations for Er, Eφ, and Ez are obtained:
Er = −viφBz − αin (vnr − vir)− αie (ver − vir) , (A12)
Eφ = − (vizBr − virBz) + αinviφ − αie (veφ − viφ) , (A13)
Ez = viφBr − αin (vnz − viz)− αie (vez − viz) . (A14)
Using these three equations with values of E and ve derived in Appendix A2.1, the velocity of i is solved to be
 virviφ
viz

 = 1
αi (α2i +B
2
r +B2z)

 α2i +B2r αiBz BrBz−αiBz α2i αiBr
BrBz −αiBr α
2
i +B
2
z





 ErEφ
Ez

+

 αinvnr+ αieverαieveφ
αinvnz+ αievez



 , (A15)
where αi ≡ αin + αie was defined.
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A3 Typical case for an effective chemical separation at the turnround
We define, as a guide, a typical case of effective chemical separation in which the radial velocity difference between charged
and neutral species is exactly equal to the recession velocity at the turnround. The velocity difference is determined from the
balance between the Lorentz force and the friction from neutral hydrogens in the r-direction. We assume a strong magnetic
field in z-direction, i.e., Bz ≫ αab, Br. In this case, ions and electrons possibly do not move to the structure centre, and
their radial velocities can be as large as the cosmic recession velocity. Velocities of charged species at the radius rsph are then
matched to the cosmic recession velocity, i.e.,
vpr = Hrsph. (A16)
The proton velocities and the electric field are then determined.
Eqs. (A10) and (A9), respectively, give relations of
vpφ =
αen
Bz
(Hrsph − vnr) , (A17)
vpz = vnz −
Br
Bz
(Hrsph − vnr) ∼ vnz. (A18)
The equilibrium electric field is then derived:
Er = (αpn − αen) (Hrsph − vnr) , (A19)
Eφ =
[
αenαpn + αpe (αen + αpn) +B
2
r
Bz
]
(Hrsph − vnr)−Brvnz +BzHrsph, (A20)
Ez = = − (αpn − αen)
Br
Bz
(Hrsph − vnr) . (A21)
Under the assumption of Eq. (A16), the velocity of the singly charged ion i [Eq. (A15)] has an approximate form of
vir ≈ Hrsph, (A22)
viφ ≈
αin − αpn + αen
Bz
(Hrsph − vnr) , (A23)
viz ≈ vnz −
Br
Bz
(Hrsph − vnr) . (A24)
APPENDIX B: DETAILED RESULTS OF PHYSICAL VARIABLES
In this section, we show supplemental results of calculations performed in Sec. 4.
B1 Relaxation time-scales
Figure B1 shows relaxation time-scales in collisions with hydrogens, τ7n (solid line) for
7Li+, τpn (dashed line) for H
+, and
τen (dotted line) for e
−, as a function of cosmic time t. In this calculation, a relaxation time τab is defined as the time it takes
a species a to change its velocity toward that of b until a velocity difference of a and b becomes smaller than the thermal
relative velocity of the a+b system. When the velocity difference, |va− vb|, is smaller than the thermal velocity, the τab value
is approximated by the value evaluated at the thermal velocity. In the present calculations for Case 1 and 2, any velocity
differences were found to be smaller than thermal velocities at almost all position and time. The relaxation time-scales are
then determined only from the thermal velocity in the structure. Therefore, they do not depend on radius.
Since the relaxation time is inversely proportional to the target number density [Eq. (53)], the τab values increase during
the expanding phase (t 6 0.242 Gyr), while they progressively decrease during the contracting phase (t > 0.242 Gyr). Cross
sections are evaluated with linear interpolations of the adopted data. This approximation causes a non-smooth behavior in
the τ7n curve. In addition to a similar non-smoothness, zigzags are seen in the τpn curve, which result from fluctuations in
the cross section. The smooth shape of the τen curve reflects the constant cross section assumed for center of mass collision
energy smaller than the lowest energy data point of ∼ 15 meV.
Figure B2 shows the relaxation time τpe of H
+ as a function of radius for Case 1 (left panel) and Case 2 (right panel).
Solid and dashed lines correspond to values inside and outside the structure, respectively. In the whole calculation time, the
relative velocity of proton and electron is given by the thermal velocity since the relative fluid velocity is smaller than the
thermal velocity. The τpe values at large radii are almost constant with time. The reason comes from a constant reaction rate
for a given thermal velocity, and a constant density of electrons. The thermal velocity is assumed to be proportional to the
square root of gas temperature T ∝ ρ
2/3
n [Eq. (47)], while the proton and electron number densities scale as np,e ∝ ρp,e. The
relaxation time is then given by τpe = (mp/me)τep ∝ T
3/2/np ∝ ρn/ρp [cf. Eqs. (55), (58), and (61)]. Inside the structure,
this quantity increases with time since the number abundances of proton and other charged species decrease (Fig. 3).
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Figure B1. Relaxation time-scales in collisions with hydrogen, τ7n (solid line) for 7Li+, τpn (dashed line) for H+, and τen (dotted line)
for e−, as a function of cosmic time t for both Cases 1 and 2.
Figure B2. Relaxation time τpe of H+ in collisions with electron as a function of radius for Case 1 (left panel) and Case 2 (right panel)
at t=9.29 Myr (1), 102 Myr (2), 195 Myr (3), 288 Myr (4), 381 Myr (5), and 474 Myr (6). Solid and dashed lines correspond to values
inside and outside the structure, respectively.
B2 Relative velocities
Figure B3 shows the radial velocity difference of H+ and H, i.e., vpr − vnr, as a function of radius for Case 1 (left panel) and
Case 2 (right panel). Solid and dashed lines correspond to values inside and outside the structure, respectively. The velocity
difference of 7Li+ and H, i.e., v7r − vnr, is the same as that of H
+ and H. The conditions, Bz ≫ αie ≫ αin, Br (for i = p and
7Li+) [cf. Eqs. (43), (53), (55), (62), and (63)] and vjr , vjz ≫ vjφ (for any species j), are satisfied in the present case. Under
these conditions, the approximate relation v7r ∼ vpr is satisfied [see Eq. (A22)]. Strictly, ions such as the
7Li+ ion have radial
velocities very slightly different from that of proton under an electric field in which radial motions of protons and electrons are
balanced 2. The velocity difference is larger in Case 1 than in Case 2. The time evolution is also different since the movement
of charged species is larger and the Bz value in small radii evolves more significantly for the larger magnetic field in Case 1.
One can intuitively understand that the radial velocity of the lithium ions is essentially the same as that of the protons
as follows. Under the conditions of Bz ≫ αie ≫ αin, Br, the Hall parameter of lithium ions is much larger than 1. The Hall
parameter is the dimensionless ratio between the Larmor frequency and the collision rate given by
2 Inhomogeneous chemical abundances in cosmic plasma including solar flares have been considered (Alfven 1981, pp. 82–84). One of
their mechanisms is the mass dependent gravitational drift resulting in isotope separation of single element. In this study, we treat
species-dependent dynamical frictions operating in low density plasma with a very small ionization degree of hydrogen, as realized in the
early universe. The frictions induce a chemical separation of various singly charged ionic species as one kind of separations. Its effect is,
however, negligible because of a strong electric coupling of positively charged ions and negatively charged electron.
c© 20XX RAS, MNRAS 000, 1–30
26 Motohiko Kusakabe and Masahiro Kawasaki
Figure B3. Radial velocity difference between H+ and H, vpr − vnr , as a function of radius for Case 1 (left panel) and Case 2 (right
panel) at t=9.29 Myr (1), 102 Myr (2), 195 Myr (3), 288 Myr (4), 381 Myr (5), and 474 Myr (6). Solid and dashed lines correspond to
values inside and outside the structure, respectively.
Figure B4. Azimuthal velocity of proton vpφ as a function of radius for Case 1 (left panel) and Case 2 (right panel) at t=9.29 Myr (1),
102 Myr (2), 195 Myr (3), 288 Myr (4), 381 Myr (5), and 474 Myr (6). Solid and dashed lines correspond to values inside and outside
the structure, respectively.
βi =
Ωi∑
j
τ−1ij
, (B1)
where j is the target particle at the collision, and j =n and e for the case of i=7Li. Since βi & 1 is satisfied in the present
situation, the 7Li ions gyrate about a magnetic field line more than several times before being knocked off the line by colliding
with a neutral particle. The lithium ions, therefore, move with the magnetic field and the proton-electron plasma.
Figure B4 shows the azimuthal velocity of proton vpφ as a function of radius for Case 1 (left panel) and Case 2 (right
panel). Solid and dashed lines correspond to values inside and outside the structure, respectively. This quantity scales as
(∇×B)φ [Eq. (34)]. Velocities at small radii are larger since a gradient of Bz is assumed at small radii in the initial condition.
The velocity is roughly independent of time or hydrogen density if there is no weakening of magnetic field (cf. Fig. 4). This
is because vpφ ∝ (Bz/LB)/np ∝ 1/(L
3
Bnp) is nearly constant. The movement of charge species relative to neutral hydrogen,
however, gradually reduces the field gradient ∂rBz. This effect reduces the velocity as a function of time. Shapes of the curves
are similar between Cases 1 and 2. Amplitudes and the time evolutions of the velocities are, however, different for the same
reason described for Fig. B3.
Figure B5 shows the azimuthal velocity of 7Li+ v7φ as a function of radius for Case 1 (left panel) and Case 2 (right
panel). Solid and dashed lines correspond to values inside and outside the structure, respectively. This quantity reflects the
force balance as described in Eq. (A15). Because of the conditions, Bz ≫ αie ≫ αin, Br (for i = p and
7Li+) and vjr, vjz ≫ vjφ
(for any species j), the azimuthal velocity has a limit value of v7φ = [(αpn +αin)/Bz](vpr − vnr), which is different from both
of vpφ and veφ.
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Figure B5. Azimuthal velocity of 7Li+ v7φ as a function of radius for Case 1 (left panel) and Case 2 (right panel) at t=9.29 Myr (1),
102 Myr (2), 195 Myr (3), 288 Myr (4), 381 Myr (5), and 474 Myr (6). Solid and dashed lines correspond to values inside and outside
the structure, respectively.
Figure B6. Radial electric field as a function of radius for Case 1 (left panel) and Case 2 (right panel) at t=9.29 Myr (1), 102 Myr (2),
195 Myr (3), 288 Myr (4), 381 Myr (5), and 474 Myr (6). Solid and dashed lines correspond to values inside and outside the structure,
respectively.
B3 Electric field
Figure B6 shows the radial component of electric field Er as a function of radius for Case 1 (left panel) and Case 2 (right
panel). Solid and dashed lines correspond to values inside and outside the structure, respectively. The Er value is given by
Er = (αpn − αen) (vpr − vnr)
=
1
e
(
mp
τpn
−
me
τen
)
τnp
ρn
∂zBr − ∂rBz
4pi
Bz
∝
−(∂rBz)Bz
ρn
, (B2)
where Eqs. (A4) and (A8) were used in the first equality, and Eqs. (20) and (32) were used in the second equality. It thus
scales as ∝ (∂rBz)Bz/ρn, and decreases during the expanding phase (curves 1–3), while it increases during the contracting
phase (curves 4–6).
Figure B7 shows the azimuthal component of electric field Eφ as a function of radius for Case 1 (left panel) and Case 2
(right panel). Solid and dashed lines correspond to positive values inside and outside the structure, respectively. Dot-dashed
and dotted lines correspond to negative values inside and outside the structure, respectively. In the case of strong magnetic
field of Bz ≫ αab, Br, the relation Eφ ∝ vprBz holds in this calculation [Eq. (A5)]. According to the relation, the Eφ value
decreases with time. The radial velocity is large in the early epoch (curve 1), which is approximately equal to the cosmic
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Figure B7. Azimuthal electric field as a function of radius for Case 1 (left panel) and Case 2 (right panel) at t=9.29 Myr (1), 102 Myr
(2), 195 Myr (3), 288 Myr (4), 381 Myr (5), and 474 Myr (6). Solid and dashed lines correspond to positive values inside and outside
the structure, respectively. Dot-dashed and dotted lines correspond to negative values inside and outside the structure, respectively.
expansion velocity. The velocity is negative and its amplitude is large in the late epoch (curve 6), which is given by free fall
velocity of the structure.
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